Let n be a squarefree positive odd integer. We will prove that there exist infinitely many imaginary quadratic number fields with discriminant divisible by n and−at the same time−having an element of order n in the class group. We then apply our result to prove that for a given squarefree positive odd integer n there exist infinitely many N such that n divides both N and r(N ), where r(N ) is the representation number of N as sums of three squares.
Introduction
The class group of a number field is certainly one of the most important arithmetic objects in number theory. Even in the case of an imaginary quadratic field there is a great amount of research on the divisibility of the class number. In particular, for a given positive integer n > 1, it was shown by many authors that there exist infinitely many imaginary quadratic number fields each with class number divisible by n (see [1, 2, 4, 6, 8, 9, 10, 11, 14, 15, 16, 17, 18, 20, 21, 22, 23, 25, 26] ). Recently, there have been studies on the divisibility of class numbers of imaginary quadratic fields under certain constraints on the discriminant. Pertaining to this problem, Byeon and Lee [3] , and Pekin [24] have shown that for a given g ≥ 1, there are infinitely many imaginary quadratic number fields whose discriminant has only two prime factors and whose class number is divisible by 2g.
In this paper we consider the divisibility of the class numbers under the constraint of the divisibility of the discriminants. More precisely, for a given squarefree odd integer n > 1, we will show that there are infinitely many imaginary quadratic number fields K whose class number and discriminant are both divisible by n. Theorem 1.1. Let n be a squarefree odd integer > 1. For each congruence class 5 mod 8, 2 mod 4 and 3 mod 4, there exist infinitely many squarefree integers
Remark 1.2. The squarefree condition on n is imposed by our requirement that n divides the discriminant of the imaginary quadratic number field which is in turn squarefree (up to a power of 2). A weaker version of Theorem 1.1 is also proven in [19] .
We now give a brief description of the layout of the paper. In Section 2, we recall an algebraic result of Karoubi-Lambre which will be used subsequently in the paper. The proof of Theorem 1.1 will be given in Section 3. In Section 4, we apply Theorem 1.1 to obtain divisibility results on representation number of N as sums of three squares. We also apply Theorem 1.1 to obtain some result on the 3-rank of class groups of real quadratic fields in Section 5. Finally, we give some numerical examples in Section 6 illustrating the results of the paper.
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A result of Karoubi and Lambre
We now state the following result of Karoubi and Lambre [12, Proposition 2.8], which our results will depend on. For the proof which relies on an algebraic K-theory argument, we refer to the original paper (see also [13] or [19] ).
Theorem 2.1. Let K be an imaginary quadratic field with discriminant D. Let n be an odd divisor of D. Suppose that there exists a triple (a, b, c) ∈ Z 3 which satisfies all of the following properties:
Then the class group of K contains an element of order n.
3 Proof of Theorem 1.1
In this section, we will prove our main result. As a start, we record the following lemma.
Lemma 3.1. Let f (X) ∈ Z[X] be a nonconstant polynomial. Then there exist infinitely many primes l such that the congruence f (X) ≡ 0 mod l is solvable.
Proof. If f (0) = 0, then this is clearly solvable for all primes. Therefore, we may assume that f (0) = m = 0. Since f is nonconstant, we can find some t ∈ Z such that |f (t)| > 2. In particular, there exists at least one prime such that the congruence is solvable. Now suppose that l 1 , ..., l r are primes such that the congruence f (X) ≡ 0 mod l i is solvable. Choose k sufficiently large so that
there exists a prime divisor q of N l 1 · · · l r + 1, which is clearly not equal to any of the l i 's. Hence the lemma is proven.
We are now in the position to prove Theorem 1.1. For notational convenience, we will write (s, t) for the greatest common divisor of s and t.
Proof of Theorem 1.1. Since n is assumed to be squarefree and odd, we may write n = p 1 p 2 · · · p r , where each p i is an odd prime. Let a be a fixed integer which satisfies all the following properties.
(1) a ≡ 2 mod n;
It follows from this choice of a that for each i, X = 1 is a solution to the congruence 4X n − a 2 ≡ 0 mod p i , and that 4 − a
. Let T be a finite set of odd primes which contains every p i , and has the property that for every other l in T , the congruence 4X n − a 2 ≡ 0 mod l is solvable with (l, a) = 1. Note that the set T can be chosen to be arbitrarily large by Lemma 3.1. We then choose an integer b > 1 which satisfies all the following properties.
(1) 4b n ≡ a 2 mod l and 4b n ≡ a 2 mod l 2 for every l ∈ T ;
(2) (a, b) = 1;
The existence of b follows by an application of the Chinese Remainder Theorem. Since 4b n − a 2 > 0 by our choice of b, we may write a 2 − 4b n = c 2 d where d is squarefree and < 0. For each l ∈ T , l does not divide c, else we have l 2 dividing c 2 and hence 4b n − a 2 contradicting our construction. In particular, we have that n divides d and (n, c) = 1. Also, since a is odd (by our initial construction), so is c. We now verify that d ≡ 5 mod 8. To see this, we note that
where the first and third congruences follow from the fact that a, b and c are odd. Therefore, the discriminant of the field
One can check easily that it follows from our construction that the triple (a, b, c) satisfies all the hypotheses in Theorem 2.1, and hence
contains an element of order n. Since the set T can be chosen to be arbitrarily large by Lemma 3.1, it follows that there exist infinitely many squarefree integers d < 0 such that d ≡ 5 mod 8 and gcd
is divisible by n. We now show that there exist infinitely many squarefree integers d < 0 such that d ≡ 2 mod 4 and
is divisible by n. Choose an integer a which satisfies all the following properties.
Let T be a finite set of odd primes which contains every p i , and has the property that for every other l in T , the congruence 4X n − a 2 ≡ 0 mod l is solvable with (l, a) = 1. We then choose an integer b > 1 which satisfies all the following properties.
We
that n is odd, we obtain 4b n ≡ 4b ≡ 12 mod 16. It then follows that
Hence we may write a 2 − 4b n = 4c Finally, we will prove that there exist infinitely many squarefree integers d < 0 such that d ≡ 3 mod 4 and gcd(d, h(d)) is divisible by n. Here the integer a is chosen so that it satisfies all the following properties.
(1) a ≡ 2 mod n; (2) a ≡ 2 mod p 2 i for every i; (3) a ≡ 0 mod 4. As before, denote by T a finite set of odd primes which contains every p i , and that for every other l in T , the congruence 4X n − a 2 ≡ 0 mod l is solvable with (l, a) = 1. The integer b > 1 is then chosen so that it satisfies all the following properties.
(1) 4b n ≡ a 2 mod l and 4b n = a 2 mod l 2 for every l ∈ T ;
We claim that 4 | 4b n − a 2 and 8 ∤ 4b n − a 2 . To see this, we first note that since a ≡ 0 mod 4, we have a 2 ≡ 0 mod 8. Also, since b ≡ 1 mod 4, we have 4b 2 ≡ 4 mod 8 which in turn implies that 4b n ≡ 4b ≡ 4 mod 8 (the first congruence follows from the fact that n is odd). Hence we have that
Therefore, we may write 
where µ(i) is the Möbius function and σ 1 (i) is the sum of all positive divisors of i.
We can now prove the following which is concerned with the divisibility of gcd(n, r(N )).
Theorem 4.1. Let n be a squarefree odd integer > 1. Then for each congruence class 3 mod 8, 2 mod 4 and 1 mod 4, there exist infinitely many squarefree integers N such that gcd(N, r(N )) is divisible by n. This in turn implies that n divides r(N ). Since Theorem 1.1 guarantees us that there is an infinite family of quadratic fields to choose, we have our result. The proofs of the remaining cases can be dealt similarly.
Remark 4.3. By a careful examination of our proof, we see that we also prove that for each congruence class 2 mod 4 and 1 mod 4, there exist infinitely many squarefree integers N such that r(N ) is divisible by 12n, and for the congruence class 3 mod 8, there exist infinitely squarefree integers N such that r(N )
is divisible by 24n.
Real quadratic fields
It would be of interest to establish results analogous to that in Theorem 1.1 for the real quadratic fields. At present, we can only prove results in this direction for the 3-rank of the ideal class groups. Notice that unlike the imaginary situation, our results in the real situation obtain a family of real quadratic fields whose discriminant is not divisible by 3. 
Numerical examples
In this section, we present some numerical examples to illustrate our results. Note that 69463984218736543 is a prime and −1041959763281048145 ≡ 3 mod 4. Therefore, the class number and the discriminant of Q( √ −1041959763281048145) are divisible by 15, and r (1041959763281048145) is divisible by 180. Furthermore, the 3-rank of the class group of Q( √ 347319921093682715) is at least 2.
